Abstract: In this paper we consider φ 4 theory in 4 − dimensions at the WilsonFisher fixed point where the theory becomes conformal. We extend the method in [1] for calculating the leading order term in the anomalous dimensions of some operators with spin. This method involves mostly symmetry arguments and reduces the process for calculating anomalous dimensions to some Wick contractions in the corresponding free theory. We apply this method in the case of operators with two and three fields whose twist is equal to the number of fields they contain, and we rederive known results for their anomalous dimensions. We also calculate the leading term in the anomalous dimensions of operators with spin two and three. In addition, we find expressions for the primary operators of the free theory, for arbitrary spin and number of fields, whose twist remains equal to the number of fields.
Introduction
Recently there has been an enormous effort to calculate physical quantities in quantum field theory (QFT), relying mostly on the underlying symmetries of the theory and other fundamental principles like unitarity, to avoid the traditional tedious calculations of Feynman diagrams. So far, there have been several different approaches with different starting points, but all are based on the idea that symmetries alone can be used to extract a lot of information about the theory under consideration. The nature of these techniques suggests that they are more effective when there is an enhanced symmetry, such as conformal or supersymmetry.
This story goes back to the early seventies with the idea of the conformal bootstrap [2] [3] [4] . This idea drew a lot of attention during the last few years and was recently resurrected and applied to higher dimensional theories [5] , leading to some strikingly precise numerical results [6, 7] . In addition, recently there have been analytical approaches to the conformal bootstrap in conformal theories using the Mellin transformation [8] [9] [10] , and others using large spin perturbation series [11] [12] [13] [14] [15] .
In this work, we consider a technique, for studying a QFT with conformal symmetry (CFT), which first appeared in [1] . This technique makes use of the fact that conformal symmetry fixes the three-point function of primary operators along with the idea of the operator product expansion (OPE). Initially this method was applied to φ 4 theory in 4 − dimensions, which has the non-trivial Wilson-Fisher fixed point, and was later applied to the critical scalar field theory in other dimensions [16] [17] [18] [19] as well as to the Gross-Neveu model in 2 + dimensions [20, 21] . A similar method, that is applicable only to a small subset of operators, namely the primary operators with two fields, had previously appeared in [22] [23] [24] [25] [26] . For other techniques see also [27, 28] We consider only the φ 4 theory in 4 − dimensions. In this approach, is a small number which serves as a perturbation parameter in the so called -expansion. The motivation behind this method is the well-known fact that φ 4 theory describes the Ising model in three dimensions and that some of its critical exponents are related to the anomalous dimensions of some operators. In principle, one can compute a physical quantity as a power series in , use it to get a closed form answer, and then analytically continue to other values of and in particular to → 1. However, in this way one needs to know an infinite number of terms in the expansion and therefore we typically consider other methods for making estimates, e.g. the Padé approximation [29, 30] . We should also note here that the −expansion is well known to be non-convergent, but it has been shown to be Borel summable [31] . In this paper, we are interested in the method per se, leaving aside its physical applications.
The goal of this article is to generalize the method in [1] to a broader class of primary operators appearing in the theory, namely the operators whose twist (scale dimension minus spin) is equal to the number of fields they contain. In section 2, after we have summarized the results of [1] , we describe the generalization of this method to include operators with spin, and we calculate the leading term in the anomalous dimensions of operators with spin two and three. This method reduces the calculations of anomalous dimensions to some free theory calculations of appropriate Green's functions of primary operators. In section 3 we construct the primary operators of the free theory in a suitable way for this method. In section 4 we apply the method to operators with two fields, which are conserved currents in the free theory, and we rederive the well-known result for their anomalous dimensions.
It is known in the literature [32, 33] that operators with more than two fields are degenerate for high enough spin and the method we describe in section 2 needs some modifications. In section 5, we generalize the method to include degenerate cases, and in section 6, we rederive the known result for the anomalous dimensions of operators with three fields.
The method
We begin this section by reviewing the results of [1] . We consider the φ 4 theory in
where µ is a parameter with dimensions of mass, which in the usual approach of QFT plays the role of the renormalization scale. It is well-known that this theory has a nontrivial fixed point [34] where it becomes Conformal invariant. For small this fixed point is perturbative and it is controlled by one-loop effects with coupling constant
Recently, a new method [1] was invented for calculating the leading order correction for small to the scaling dimensions of the operators in the theory, based only on the consistency of the conformal symmetry, without using the traditional diagrammatic way.
From the CFT point of view, the theory is a collection of primary operators, each of them generating an irreducible representation (irrep) of the conformal algebra (2.6). A single irrep consists of a primary operator and all its derivatives (descendants). An interaction in the CFT language is an extra constraint on the operator content of the theory. The effect of this constraint changes the dimensions of the operators (they acquire anomalous dimensions) and turns some primary operators to descendants (sort irreps of the CFT algebra become longer) leading to miltiplet recombination.
For simplicity, the field φ is rescaled as φ → 2πφ so that its two-point function is
where ∆ is its scaling dimension. The equation of motion (because of the rescaling 4) implies that the two irreps of the free theory generated by φ and φ 3 combine to one single irrep. Using this fact, and the conformal invariance of the theory, the authors in [1] showed that the position of the fixed point (2.2) can be determined for small from the consistency of the theory. They also calculated the leading order in the anomalous dimension of the operators φ n and they found
The aim of this section is to generalize the method of [1] for a broader class of operators with spin.
To begin with, the conformal algebra is
The operators in a conformal field theory are divided into primaries and their descendants. Acting on a primary operator O ∆,l (x) of scaling dimension ∆ and spin l (∆ = 1 for a free scalar field in four dimensions) we get the following rules
where S µν is the spin operator. Here we are using an index-free notation, where all the indices are contracted with a null vector u 2 = 0 (see section 3)
Every primary operator corresponds to the lowest weight state of an irrep of the conformal algebra (2.6). The descedants are then generated by acting with P µ on the primary operator. For each primary in the free theory there is an operator V ∆ ,l in the interacting theory 2 which in the α → 0 limit
and with an extra index to take into account all these different operators. This degeneracy complicates things considerably, and in this section we focus on the non-degenerate case and we come back to this issue in section 5. In this notation, the equation of motion φ = αφ 3 reads
where α is an unknown constant that can be determined from conformal symmetry alone [1] to be 9 2 . Extending the discussion in that paper, we can use this constraint and the structure of the OPE between V ∆ ,l and some other suitable operator to calculate the leading term of its anomalous dimension by doing only free-theory calculations.
In this work we consider only operators with twist (∆ − l) equal to the number of fields they contain and we can therefore exchange the index ∆ with the number of fields n. The main idea is as follows: in the free theory both O 1,0 = φ and O 3,0 = φ 3 are primaries and appear independently in the following OPE
where we have kept only the leading order in x. The constants f and ρ are determined by contracting the fields in these operators. The three-point functions with the primaries O 1,0 and O 3,0 are therefore
where again we have kept only the leading order term in x. However, the corresponding operators V 1,0 and V 3,0 in the interacting theory are not independent anymore and they are related through the equation of motion (2.11). In fact, the latter is a descendant of the former and enters in any OPE only as V 1,0 . Hence, it appears in a way that is completely specified by conformal symmetry. The contribution of V 1,0 (0) in the interacting OPE is 14) where the constants r, q and p are fully determined in terms of the ∆ n 's and l (see Appendix B). The only important constant here is p because this term will give rise to the φ 3 term in the free theory and is given by 
and
where we have used the OPE the constraint (2.11) . Requiring that these correlators should approach those of the free theory in the α → 0 limit, we are led to the conditions
The crucial observation here is that the denominator of (2.15) in the → 0 limit is proportional to the anomalous dimension of V 1,0 which was shown in [1] to be quadratic in . More precisely it was shown that
Since ρ is finite we get a non-trivial condition for the numerator of (2.15) and therefore an equation for ∆ n,l in terms of γ n−1,0 , which was also computed in the same paper to be
More specifically, substituting ∆ n,l = nδ +l +γ n,l in (2.15) and keeping only the leading order terms in we get 21) and using (2.18) we conclude that for n > 2
where we also used α = 2 9
. For n = 2 we have to contract two fields from O 3,l with O 2,l in (2.13), which is zero. In this case ρ = 0 and therefore p should be just finite implying only that γ 2,l ∼ 2 , without giving any non-trivial condition for the coefficient in front. However, a modification is possible in order to include the case of two fields (see section 4).
In conclusion, we can use (2.22) to calculate the anomalous dimension of nondegenerate operators with n > 2 by only evaluating ρ in the free theory. An example is the primary operators with spin two. These are non-degenerate and we can calculate their anomalous dimensions in this way. They are given by
where T is the energy momentum tensor (3.20) and ∂ ≡ u · ∂. In this case ρ = n − 2 and therefore
Another example are the operators with spin three which are given by
In this case ρ = 1 5
(n − 4) and therefore
We see that to apply this method, we first need to find a way to calculate the coefficients f and ρ in the free theory, and in addition we also need to deal with the degenerate cases. In the following section, we describe a way to construct the class of primary operators considered here, and in the subsequent sections we will deal with the latter issue.
Primaries of the free massless scalar theory in d=4.
In this section, we construct explicitly a class of operators, namely those whose twist is equal to the number of fields they contain. The problem of determining the operator spectrum of a CFT has been addressed many times in the literature. For the case of two fields and three fields there are known expressions [32, [36] [37] [38] [39] [40] [41] , see also [33] for a nice review. Here our aim is to reconstruct those expressions with a slightly different method which can be easily extended to the operators with more fields.
In the four-dimensional free scalar CFT, a primary operator is a symmetric and traceless combination of terms like
where φ = 0. Generally, a symmetric traceless tensor f µ 1 µ 2 ...µ l (x) can be encoded in a generating functional [42, 43] 
where u is a null vector (u 2 = 0). Using the differential operator [44] 
the tensor can be recovered from
The operator (3.3) has the properties
The idea behind this trick is that this operator has an additional property when acting on a function proportional to u
where f (u, x) is an arbitrary function of u and x. The right hand side depends on the derivatives of f (u, x), but its exact form is irrelevant here. However, the crucial point is that the right-hand side is still proportional to u 2 and therefore, we can set it equal to zero even before we apply the D µ 's in (3.4).
The primary operators of the free scalar theory (3.1) are built from the objects
The generating functional for the primaries with M fields has the form
where
is an appropriate function so that this combination satisfies
Here we denote these operators by B M,l . As we will see shortly in most cases these operators are degenerate and therefore, these expressions are just a particular basis.
Having constructed this generating functional, we can apply the D µ operator l times and get the primary operators with l indices. Hence, the problem of determining the primary operators has been reduced to the problem of finding the appropriate function g (N 1 , N 2 . . . , N m ) that ensures (3.9). The way we proceed is first to determine the action of K µ on ∂ N φ, and then apply it on (3.8) to find a recursion relation for the coefficient g (N 1 , N 2 . . . , N l ). Using K µ φ(0) = 0, we have that
This commutator is easy to calculate using the conformal algebra (2.6):
Therefore, for a scalar field φ of scaling dimension ∆ satisfying L µν φ = 0
For a free scalar field of dimension ∆ = 1 (free scalar theory in d = 4) we have
We can now use this rule and determine the coefficient in (3.8) to construct the generating functions which from now on we refer to as primaries, since we are not going to use operators with restored indices. The primary with one field is just
The primary with two fields will be of the form
Acting with K µ on two adjacent terms we get
In order to cancel all these terms, f N has to satisfy the following recursion relation
This can be done only for even l (otherwise we cannot cancel the last term ∂ (l−1)/2 φ∂ (l−1)/2 φ) and the solution is given by
Hence, we conclude that the primaries with two fields necessarily have an even number of derivatives and are given by
As an example, the primary with two fields and two derivatives is 20) and acting twice with the D operator (3.3) we get
which is the improved energy-momentum tensor.
Moving to the primary operators with three fields, we can start from the general form
but it is much more convenient to write the last two factors in terms of the primaries with two fields and their derivatives. Denoting the N'th derivative of the primary B M,l as
we have that
Now we can construct the primary operators with three fields and l derivatives as
. . . , (3.25) where a and b are constants (like f N ). Here we have assumed that l is even (in the opposite case we start with φ∂B 2,l−1 + a∂φB 2,l−1 ). Thus, we see that we can construct many operators with the same spin as 26) where again f P N is a constant to be determined by the requirement that these operators are annihilated by K µ . The extra index P labels all the different operators we can construct for the lase l. In this case the recursion relation that we get is 27) and has following solution
So, the primary operators with three fields are given by The possible values for P were determined by noting that (see Appendix A) the number of primaries increases by one when l increases by 6. One may wonder if the independent operators are the ones that appear first in the sequence. The answer to this question is that every time we increase P , new terms appear when it is less than l/3 (think of the distribution of derivatives among the φ's) and therefore the first values of P give independent operators. Then, we can proceed recursively and construct the primary operators with M fields as follows
where we have suppressed the index in B M −1,l−P that takes into account the different operators at this level. These operators are not independent as we show now. The number of primary operators C M,l , whose twist is equal to the number of fields, is shown in Appendix A to be given by
However, when M > 3, for each B M −1,l operator we can construct l operators B M,l for all the different values of P . These operators are not all independent because after expanding the above expression for the M = 3 and M = 4 cases we get
and we see that for B 4,2 we get only one operator, in contrast to what one would expect using B 3,0 and B 3,2 . Probably there is an upper limit for the index P as in the M = 3 case, but we couldn't find a nice systematic way to determine it. Note also that these operators are neither normalized nor orthogonal. With a little bit more work we can extend these expressions to arbitrary d ≥ 4 dimensions. The results are
We conclude this section be noting that these operators are not the only primary operators of the theory. There exist primary operators whose twist is greater that the number of fields. The first one appears for ∆ = 2d which is the energy momentum squared T µν T µν . In general, the full operator spectrum will consist of appropriate combinations of terms like 35) and one can try to repeat the above construction, but this is beyond the scope of this work.
Anomalous dimensions of weakly broken currents
In this section, we modify the method described in the previous sections, and we rederive the well-known leading order term in the anomalous dimensions of operators with two fields. In the free theory these operators are conserved currents, 3 and are important for applications to AdS/CFT correspondence [47] .
As mentioned before, since the OPE coefficient ρ is zero, we cannot apply the method described in section 2 to calculate their anomalous dimensions. However, we can extend this method using the fact that in the free theory these operators obey the conservation equation, which in the interacting theory will get corrections on the right-hand side [23] 
where D is the operator defined in (3.3) and K l−1 is a descendant operator of spin l − 1. We start with equation (5.4)
Applying the operator ∂ · D we can write it as
with known coefficients t 0 and p 0 , whose α → 0 limit is (see appendix C)
3 These operators saturate the unitary bounds imposed by the conformal algebra [45, 46] and therefore they have to obey the conservation equation
Following the same steps as before, we arrive at
Thus, we see that in the α → 0 limit only the second term survives, giving a non-trivial condition for the anomalous dimension of these operators. In this limit, the above three-point functions can be calculated to leading order, using the operators of the free theory. The leading term in the denominator is coming from the term φ∂ l φ in B 2,l , while the leading term in the numerator is coming from the term φ
while using (4.1) one can get
Using (4.5) we obtain
and plugging the expression for p 0 we arrive at
This result is well known for many years and was rederived in [22, 23, 26] in a similar way.
Generalization
In the previous section we calculated the anomalous dimensions of operators V 2,l , which are non-degenerate primaries. However, the operators made of three fields are degenerate for spin larger that five. This is a known fact [40] and in our notation is reflected by the additional index P in (3.29). Also, the operators in (3.29) are not orthogonal 4 , but even if they were, we could always rotate them and get a new set of primary operators, and we don't know a priori which orthogonal set to use.
To illuminate this more, consider an orthonormal set of free primary operators O i n,l with the same scaling dimensions and spin. Conformal symmetry dictates 4 Nevertheless, there are known orthonormal expressions for operators with three fields [33] .
Here we have set equal the auxiliary vectors for each operator. In general, the primary operators of the interacting theory, V i n,l , will approach a rotated set of the above operators lim
where R is an unknown rotational matrix. Hence, even if we had such a set of operators, we don't know their α → 0 limit, because we cannot determine the matrix R from the free theory. Fortunately, we can generalize the method described in the previous sections using any set of primary operators (not necessary orthonormal). We begin by writing (2.14) as
where the derivatives on the right-hand side are with respect to the argument of V 1,0 , which is afterwards set to zero. From equations 2.16 and 2.17 we get
where ∼ means that the leading order terms on both sides are equal and
For every complete set of primary operators (for instance
where L is an invertible matrix (not necessary orthogonal). Defining a new matrix P αβ in the free theory as 8) and multiplying both sides by L
we see that its eigenvalues are equal to
However, equation (5.8) can determine at most one eigenvalue and that's only if the two vectors on both sides are the same. On the other hand, we could replace φ n−1 with V n−1,l , and find other equations of this form and by using those we could determine all the eigenvalues of P . Here we will show that this is possible for n = 3, and in the next section we will employ this technique and calculate the anomalous dimensions of operators with three fields. Consider the analogous equation of (5.5), where now the primary with two fields has non-zero spin
( 5.10) for some constant h i . As in the l = 0 case, we can define the matrix P as
The operators B M,l are those we constructed in section 3, and therefore this matrix can be calculated from the free theory and its eigenvalues are equal to h i . Moreover we argue that h i must be of the form
Looking at (B.3) we see that
where Γ is a non-singular (in ) rational function of the ∆'s and l's. Demanding that (5.10) has the correct free theory limit
and since h i has to be regular, Γ must be proportional to the anomalous dimensions of V 3,l . In other words
and therefore we arrive at (5.12). The constants c l an κ l cannot be fixed for a generic value of l and reflect the multiple conformal structures we can built (see Appendix D). Nevertheless, for l equal to zero or two we have
Note that for l = 2 the operator V 2,2 is the energy momentum tensor and therefore has zero anomalous dimensions.
Operators with three fields
In this section, we calculate the leading order term in the anomalous dimensions of operators with three fields. Apart from the traditional diagramatic way, these have also been calculated using conformal symmetry [40, 48] but in a different way. The purpose of this section is therefore to rederive those results using the method in [1] . In the free theory these operators are given by (3.29) , and for spin greater than five are degenerate. Therefore, in the interacting theory these operators get mixed and we have to follow the method described in the previous section. Our starting point is equation (5.11). We choose the operators O i to be the ones we constructed in section 3. Looking at the expression for B 3,l for even spin, in (3.29), we see that they are of the form
Since only this term will contribute at leading order in φ 2 (x)B i 3,l φ 3 (z) , we immediately deduce that
2)
The other three-point function needs just a little bit more work. First we observe that for the leading order term we only need the terms in B 3,l with at least one φ(0) without derivatives, to be contracted with φ(z). Therefore the important terms are
Doing the contractions and performing the sum we finally get
So, we see that by rescaling the operators
we get
independently of i. Hence, the eigenvalue equation (5.11) becomes
which implies that the P matrix has an eigenvalue equal to 2/3(l + 1), and therefore we conclude that there is an operator with anomalous dimension
For odd l one can repeat the same steps and arrive at a similar result that differs only by a relative minus sign. Combining both results we can write
Moving forward we repeat the same procedure for l = 0. Instead of using P , for this case, it is more convenient to promote γ 3,l into a matrix whose eigenvalues are the anomalous dimensions of operators with three fields. We also go to another basis formed by B 0 = B 0 and
where the operators appearing on the right-hand side are the rescaled operators we used previously. In this new basis, we already know that
Next, we notice that since the term φ 2 ∂ l φ is absent from the B 's, for all the values of l we have that 12) for some constant a l . Here we have gotten rid of the x and z-dependence since it is the same on both sides of (5.11). On the other hand, Y
l l will be different in general. For instance, one can easily evaluate B 2,2 (x)B i 3,l (0)φ(z) and check that you get a different vector, whose actual expression is not essential here. Therefore, we conclude that in addition to (6.11) , the set of equations for all the values of l = 0 will take the form 13) where X l is the vector we get for each value of l rescaled by a l . Since for arbitrary l the vector X l is not parallel to (6.12) 5 , after subtracting (6.11) from the above equation, we conclude that Γ 3,l has only one non-zero eigenvalue. This implies that among the operators with three fields, only one acquires anomalous dimension at order which is given by (6.9) . This matches exactly the results in [32, 40] , where the same results were obtained, but in different way. Note that this implies that at one loop order the primary operators are B 0 + b i B i and S i j B j with i, j = 0, and where b and S are an unknown vector and matrix respectively, which give us an additional freedom in choosing a different operator basis.
One could try to repeat the same for the operators with four fields, but it turns out that the matrix of anomalous dimensions is not fixed completely because of the unknown constants κ l , which reflect the different conformal structures. Nevertheless, we can still express the anomalous dimensions and the constants c l in terms of the κ's.
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APPENDICES

A Operator Counting
In this appendix we review how to count the primary operators that are constructed in section 3. We also give a more general way to determine the number of primary operators with scaling dimension ∆ and spin l based on group theory 6 . Let's consider the terms in the operators (3.32). These are all the possible ways of acting with l derivatives on M fields
The number of these terms is equal to the M -restricted partition of l objects p M (l). It is a well-known fact from combinatorics that there is a generating functional for these number, given by
However, these terms can be organized into linear combinations of the primary operators B P M,l and their descendants (this is a change of basis), where P labels the different 6 We are grateful to Leonardo Rastelli for pointing out this method.
operators. If the number of these operators is C M,l , or in other words, if i runs from one to C M,l , we have the following relation
or equivalently
Multiplying by q l and summing over l we get
Therefore, we arrive at the following generating functional for the number of primary operators, whose twist is equal to the number of fields,
For the case of just three fields the generating functional becomes
and expanding in Taylor series we see that the number of primary operators is increased by one when l is increased by six. In the rest of this appendix, we describe a more rigorous way, based on group theoretical arguments, for counting the number of all the primary operators of the theory. The Cartan subalgebra of the conformal algebra consists of the generators D, J 1 , J 2 where the last two generators refer to the two SU (2) subalgebras of the Lorentz group SO(3, 1) ≈ SU (2) × SU (2). Hence, each irrep of the conformal algebra is labeled with three numbers (∆, j 1 , j 2 ) corresponding to these three generators. Moreover, the conformal algebra has long and sort irreps. A long irrep contains all the states
while a short irrep is constrained through a shortening condition. The free scalar theory has two such irreps, namely (1, 0, 0) and (2 + l,
), or
respectively. Using this labeling we can define the character of each irrep as
For an irrep (∆, j 1 , j 2 ) this leads to [49] 12) and
The latter are the characters of SU (2) that obey the following orthogonality condition For irreps created by operators with more fields, we have to take into account the Bose symmetry between the φ's. For this purpose, we can use the following generating functional
Expanding around z = 0, the coefficient of z n is the character for the irrep created by operators with n φ's. Since the characters of a semi-simple group form a complete basis, we can expand the above character as
where c ∆,j 1 ,j 2 is the number that the (∆, j 1 , j 2 )-irrep appears. Using the orthogonality of the SU (2) characters we can write
Using the expression for X n (s, x, y) and P (s, x, y) one can determine the coefficients c ∆,j 1 ,j 2 .
B OPE coefficients
In this appendix we will determine the OPE coefficients in (2.14). We begin by considering the most general contribution of V 1,0 in the OPE V n−1,0 (x)V n,l (0), 
C OPE coefficients in C (x, ∂)
We begin with For our purposes, it is enough to focus only on the box term, since it contains all the information about the anomalous dimension. At the end of the day one finds
(C.5)
D Three-point function T V ∆,l φ
Following the embedding space notation in [42] , the three-point function of a generic primary operator V ∆,l with the energy momentum tensor and a scalar is T (P 2 )V ∆,l (P 3 )Φ(P 1 ) = 1 (P 1 · P 2 ) τ 1 +τ 2 −τ 3 +4−2l) 2
(P 1 · P 3 ) τ 1 +τ 3 −τ 2 +2l−4 2
(P 2 · P 3 ) τ 2 +τ 3 −τ 1 +4+2l 2
× a
where C iAB = Z iA P iB − P iA Z iB and τ 2 = d − 2. These three terms correspond to the three conformaly invariant structures we can build. Moreover, using the conservation equation in the embedding space
we can fix two of the three constants a, b and c. The result is a = c 1 2
We can go down to the d-dimensional space using
We can proceed as in appendix B and determine the OPE coefficients to be 
